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A (2,1)-total labeling of a graph G is an assignment f from the vertex set V (G) and the
edge set E(G) to the set {0,1, . . . ,k} of nonnegative integers such that | f (x) − f (y)| 2
if x is a vertex and y is an edge incident to x, and | f (x) − f (y)| 1 if x and y are a
pair of adjacent vertices or a pair of adjacent edges, for all x and y in V (G) ∪ E(G). The
(2,1)-total labeling number λT2 (G) of G is deﬁned as the minimum k among all possible
(2,1)-total labelings of G . In 2007, Chen and Wang conjectured that all outerplanar graphs
G satisfy λT2 (G)(G) + 2, where (G) is the maximum degree of G . They also showed
that it is true for G with (G) 5. In this paper, we solve their conjecture, by proving
that λT2 (G)(G) + 2, even when (G) 4.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In the channel/frequency assignment problems, we need to assign different frequencies to ‘close’ transmitters so that
they can avoid interference. The L(p,q)-labelings of a graph have been extensively studied as one of the important graph
theoretical models of this problem. An L(p,q)-labeling of a graph G is an assignment f from the vertex set V (G) to the
set {0,1, . . . ,k} of nonnegative integers such that | f (x) − f (y)| p if x and y are adjacent and | f (x) − f (y)| q if x and
y are at distance 2, for all x and y in V (G). The L(p,q)-labeling number is deﬁned as the minimum k among all possible
L(p,q)-labelings of G and is denoted by λp,q(G). Since we use 0 as a label for conventional reasons, if λp,q(G) = k, we
can use k + 1 different labels. Calamoneri [3] and Yeh [16] have performed a comprehensive study on L(p,q)-labelings and
related research.
Whittlesey et al. [15] studied the L(2,1)-labeling number of incidence graphs, where the incidence graph of a graph G
is the graph obtained from G by replacing each edge (vi, v j) with two edges (vi, vij) and (vij, v j) introducing one new
vertex vij . Observe that an L(p,1)-labeling of the incidence graph of a given graph G can be regarded as an assignment f
from V (G) ∪ E(G) to the set {0,1, . . . , } of nonnegative integers such that | f (x) − f (y)|  p if x is a vertex and y is an
edge incident to x, and | f (x) − f (y)| 1 if x and y are a pair of adjacent vertices or a pair of adjacent edges, for all x and
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190 T. Hasunuma et al. / Journal of Discrete Algorithms 14 (2012) 189–206y in V (G)∪ E(G). Such a labeling of G is called a (p,1)-total labeling of G , introduced by Havet and Yu [7,8]. The (p,1)-total
labeling number is deﬁned as the minimum  among all possible (p,1)-total labelings of G , and denoted by λTp (G).
We notice that a (1,1)-total labeling of G is equivalent to a total coloring of G . Generalizing the Total Coloring Conjecture
[2,13], Havet and Yu [7,8] conjectured that
λTp (G)(G) + 2p − 1 (1)
holds for any graph G , where (G) denotes the maximum degree of a vertex in G . They also showed that (i) λTp (G) 
min{2(G) + p − 1, χ(G) + χ ′(G) + p − 2} for any graph G where χ(G) and χ ′(G) denote the chromatic number and
the chromatic index of G , respectively, (ii) λT2 (G)  2(G) if p = 2 and (G)  2, (iii) λT2 (G)  2(G) − 1 if p = 2 and
(G) is an odd  5, and (iv) λTp (G)  n + 2p − 2 if G is the complete graph where n = |V (G)|; the conjecture (1) is true
if (a) p (G), (b) p = 2 and (G)  3, or (c) G is the complete graph. By (i), it follows that λTp (G) (G) + p for any
bipartite graph [1,7,8] (by χ(G) 2 and χ ′(G) = (G) [9]).
Bazzaro et al. [1] investigated that λTp (G)  (G) + p + s for any s-degenerated graph (by χ(G)  s + 1 and χ ′(G) 
(G)+ 1 [12]), where an s-degenerated graph G is a graph which can be reduced to a trivial graph by successive removal of
vertices with degree at most s, and that λTp (G)(G)+ p + 3 for any planar graph (by the Four-Color Theorem). They also
gave suﬃcient conditions on (G) and girth for which the conjecture (1) holds. Montassier and Raspaud [11] proved that
λTp (G)  (G) + 2p − 2 when p  2 and (G) and the maximum average degree of G satisfy some conditions. Lih et al.
[10] showed that λTp (G) 3(G)/2 + 4p − 3 for any graph G . They also investigated λTp (Km,n) of the complete bipartite
graphs Km,n .
Let G be an outerplanar graph. Bazzaro et al. [1] pointed out that λTp (G)(G)+ p + 1 for any outerplanar graph other
than an odd cycle, since any outerplanar graph is 2-degenerated, and any outerplanar graph other than an odd cycle satisﬁes
χ ′(G) = (G) [5]. This bound improves the bound (1) for p > 2 (it is the same for p = 2). Moreover, Chen and Wang [4]
conjectured that in the case where p = 2, λT2 (G)(G) + 2. They also proved that this conjecture is true if (i) (G) 5,
(ii) (G) = 3 and G is 2-connected, or (iii) (G) = 4 and every two faces consisting of three vertices have no vertex in
common. In the case where (G) = 2 (i.e., G is a path or a cycle), we can easily see that λT2 (G)  4, since the incidence
graph of a path (resp., a cycle) is also a path (resp., a cycle), and the L(2,1)-labeling number λ2,1(Cn) for a cycle Cn with n
vertices is at most 4 [6]. The cases where (G) ∈ {0,1} are trivial. However, the general cases where (G) ∈ {3,4} were left
open. In this paper, we solve Chen and Wang’s conjecture completely, by showing that it holds for the remaining cases of
(G) ∈ {3,4}. On the other hand, the bound (G) + 2 is tight, since there exist inﬁnitely many outerplanar graphs G such
that λT2 (G) = (G) + 2 for all possible values of (G) 2, as investigated in [4].
The rest of this paper is organized as follows. Section 2 gives basic deﬁnitions. In Sections 3 and 4, we show that λT2 (G)
(G) + 2 in the cases of (G) = 3 and (G) = 4, respectively. Finally, we give some concluding remarks in Section 5.
2. Preliminaries
A graph G is an ordered set of its vertex set V (G) and edge set E(G) and is denoted by G = (V (G), E(G)). We assume
throughout this paper that a graph is undirected, simple and connected unless otherwise stated. Therefore, an edge e ∈ E(G)
is an unordered pair of vertices u and v , which are end vertices of e, and we often denote it by e = (u, v). For two graphs G1
and G2, we denote (V (G1)∪ V (G2), E(G1)∪ E(G2)) by G1 +G2. For a vertex set V ′ ⊆ V (G), let G − V ′ be the subgraph of G
induced by V (G)− V ′ . For an edge set E ′ , let G − E ′ (resp., G + E ′) be the graph (V , E − E ′) (resp., (V ∪ V (E ′), E ∪ E ′) where
V (E ′) is the set of end vertices of edges in E ′). Two vertices u and v are adjacent if (u, v) ∈ E(G). Let NG(v) denote the
set of neighbors of a vertex v in G; NG(v) = {u ∈ V | (u, v) ∈ E(G)}. The degree of a vertex v is |NG(v)|, and is denoted by
dG(v). A vertex v with dG(v) = k is called a k-vertex. We use (G) (resp., δ(G)) to denote the maximum (resp., minimum)
degree of a graph G . A path P in G is a sequence v1, v2, . . . , v of vertices such that (vi, vi+1) ∈ E(G) for i = 1,2, . . . , − 1;
we may denote P as (v1, v2, . . . , v) and let V (P ) = {v1, v2, . . . , v} and E(P ) = {(v1, v2), (v2, v3), . . . , (v−1, v)}. We often
drop G in these notations if there are no confusions.
The vertex-connectivity of a graph G , denoted by κ(G), is deﬁned as the minimum cardinality of a vertex set V ′ ⊆ V (G)
such that G − V ′ is disconnected or trivial. A vertex v of G is called a cut vertex if G − v is disconnected. Note that G has
no cut vertex and |V (G)|  3 holds if and only if κ(G)  2. Two vertices u and u′ are called 2-connected if they belong
to the same connected component in G − v for any cut vertex v of G with v /∈ {u,u′}. A subgraph G ′ of G is called a
2-connected component if every two vertices in G ′ are 2-connected and G ′ is maximal to this property. Note that if κ(G) = 1
and δ(G) 2, there exists a 2-connected component containing exactly one cut vertex of G .
A graph is called planar if it can be drawn in the plane, where no two edges cross except possibly at their common
endpoint. A plane graph is a particular drawing of a planar graph. A plane graph divides the plane into regions, where each
region is called a face. The unbounded region is called the outer face and all other faces are called the inner faces. A face
whose vertex set is {u1,u2, . . . ,uk} with (ui,ui+1) ∈ E(G), i = 1,2, . . . ,k (where uk+1 = u1) is denoted by [u1u2 · · ·uk]. We
call a face consisting of k vertices a k-face.
A planar graph G is called outerplanar if it can be drawn in the plane so that all vertices lie on the outer face. Such a
drawing is referred to as an outerplane graph. We call an edge belonging to the boundary of the outer face an outer edge
T. Hasunuma et al. / Journal of Discrete Algorithms 14 (2012) 189–206 191Fig. 1. Illustration for an outerplane graph G = (V , E) with (G) = 3 and κ(G) = 2, and its (2,1)-total labeling obtained by applying Algorithm LABEL-K2
to G . In Step 1, we assign labels 0 and 1 alternately to 3-vertices x1, x2, . . . , x10. According to Step 2, for each i ∈ {2,8}, all 2-vertices yi1, . . . , yiqi are labeled
0 or 1 since qi is even, and for each i ∈ {3,5,10}, all 2-vertices yi1, . . . , yiqi except one vertex labeled 2 are labeled 0 or 1 since qi is odd. Step 3 assigns
label 3 to all inner edges. Since |V (G)| is odd, we pick up [x5 y51 y52 y53x6] as F in Step 4.2. By q5 = 3, we assign label 3 to (y51, y52) and labels 4 and 5
alternately to all remaining outer edges in Step 4.2.1.
Algorithm LABEL-K2
Input: An outerplane graph G with κ(G) = 2.
Output: A total (2,1)-labeling f : V ∪ E → L5 of G .
1. Assign labels 0 and 1 alternately to a sequence x1, x2, . . . , xp of 3-vertices.
2. For each i = 1,2, . . . , p, label 2-vertices as follows. Without loss of generality, let f (xi) := 0 and f (xi+1) := 1.
2.1. If qi is even, then assign labels 1 and 0 alternately to the sequence yi1, y
i
2, . . . , y
i
qi of 2-vertices.
2.2. If qi is odd, then assign label 2 to yij for some j, and labels 1 and 0 alternately to the sequence y
i
1, y
i
2, . . . , y
i
qi of 2-vertices other than y
i
j .
3. Assign label 3 to each inner edge.
4. Label outer edges as follows.
4.1. If |V (G)| is even, then assign labels 4 and 5 alternately in clockwise order.
4.2. If |V (G)| is odd, then pick up an arbitrary endface F = [xi yi1 yi2 · · · yiqi xi+1]. Without loss of generality, let f (xi) := 0 and f (xi+1) := 1.
4.2.1. If qi is an even or an odd with qi  3, then assign label 3 to (yi1, yi2) and labels 4 and 5 alternately to all remaining outer edges. Then if
f (yi1) = 2 or f (yi2) = 2, then reassign labels for yi1, yi2, and yi3 as f (yi1) := 1, f (yi2) := 0, and f (yi3) := 2.
4.2.2. If qi = 1, then assign labels 5, 2, and 3 to yi1, (xi , yi1), and (yi1, xi+1), respectively, and labels 4 and 5 alternately to all remaining outer edges.
Then if the label for two outer edges incident to xi and xi+1 other than (xi , yi1) and (y
i
1, xi+1) is 4 (resp., 5), then relabel 5 (resp., 4) to (xi , xi+1).
and all other edges inner edges. An inner face is called an endface if its boundary contains exactly one inner edge (note that
there exist at least two endfaces if G contains an inner edge).
Let Lk = {0,1, . . . ,k} and f : V (G) ∪ E(G) → Lk be a (2,1)-total labeling of G . For an edge e = (u, v) ∈ E(G), we may
denote f (e) by f (uv). Let f denote the labeling such that f (z) = k − f (z) for each z ∈ V (G) ∪ E(G). Note that f is also a
(2,1)-total labeling.
3. Case (G)= 3
Let G = (V , E) be an outerplane graph with (G) = 3. Chen and Wang [4] showed that if κ(G) = 2, then λT2 (G)  5.
First review their constructive proof of the case where κ(G) = 2. Let x1, x2, . . . , xp be the vertices on the outer face of G
in clockwise order, where each vertex xi , 1  i  p, is a 3-vertex. Also assume that for i = 1,2, . . . , p, each 2-vertex on
the path connecting xi and xi+1 (on the boundary of the outer face) is numbered yi1, yi2, . . . , yiqi in clockwise order, where
xp+1 = x1. A (2,1)-total labeling f : V ∪ E → L5 can be obtained by the following algorithm, which slightly generalizes Chen
and Wang’s method (see Fig. 1 for a (2,1)-total labeling obtained by this algorithm, named LABEL-K2).
Observe that for each inner edge (xi, x j), we have f (xi) 
= f (x j), since otherwise the subgraph G ′ of G induced by
V (Pi)∪ V (Pi+1)∪· · ·∪ V (P j−1) would have odd 3-vertices, a contradiction, where Pi denotes the path (xi, yi1, . . . , yiqi , xi+1).
The reassignment in Step 4.2.1 is necessary because otherwise | f (yi1) − f (yi1 yi2)| 1 or | f (yi2) − f (yi1 yi2)| 1 would hold.
In Step 4.2.2, f (e) = f (e′) holds for two outer edges e (resp., e′) incident to xi (resp., xi+1) other than (xi, yi1) (resp.,
(yi1, xi+1)), since |V (G)| is odd and qi = 1. Thus, a labeling f obtained from the above procedure is a (2,1)-total labeling
of G . We remark that in particular, the following two points in the above algorithm enable a more ﬂexible labeling, which
helps us to prove the conjecture.
Observation 1. In Step 2.2, we can choose an arbitrary vertex as yij from {yi1, yi2, . . . , yiqi }.
192 T. Hasunuma et al. / Journal of Discrete Algorithms 14 (2012) 189–206Fig. 2. Illustration for an outerplane graph G = (V , E) with (G) = 3 and its inner edge (u, v). The subgraph G1 of G induced by
{u,u′, v, v ′,w1,w2, . . . ,w7} is a 2-connected component in G . The subgraph G2 of G induced by {u′, v ′,w3,w4,w5} is a connected component in
G1 − {u, v}, which has no cut vertex of G and satisﬁes |V (G2)| 2. The graph G ′ = (G − V (G2)) + {(u,u′), (v, v ′)} is one obtained from G by delet-
ing {w3,w4,w5}, all edges incident to {w3,w4,w5}, and (u′, v ′).
Observation 2. In Step 4.2, we can start with assigning an arbitrary label in {4,5} to an arbitrary outer edge for the label
assignment of outer edges except (yi1, y
i
2) (resp., (xi, y
i
1) and (y
i
1, xi+1)) in Step 4.2.1 (resp., Step 4.2.2).
Moreover, we can see the following property.
Lemma 1. Let G = (V , E) be an outerplane graph with (G) = 3, G1 be a 2-connected component in G, and (u, v) be an inner edge
in G1 . Assume that G1 − {u, v} contains a connected component G2 with no cut vertex in G and |V (G2)| 2. Let u′ ∈ V (G2) (resp.,
v ′ ∈ V (G2)) be the neighbor of u (resp., v) in G (note that by (G) = 3, such u′ and v ′ are uniquely determined and that u′ 
= v ′ by
|V (G2)| 2). If G ′ = (G − V (G2)) + {(u,u′), (v, v ′)} has a (2,1)-total labeling f : V (G ′) ∪ E(G ′) → L5 such that
f
(
u′
) 
= f (v ′) and (i) { f (u′), f (v ′)} ⊆ {0,1} and { f (uu′), f (vv ′)} ⊆ {4,5} or
(ii)
{
f
(
u′
)
, f
(
v ′
)} ⊆ {4,5} and { f (uu′), f (vv ′)} ⊆ {0,1},
then there exists a (2,1)-total labeling g : V (G) ∪ E(G) → L5 (see Fig. 2 for an example of G1 , G2 , and G ′).
Proof. By symmetry of labelings, we only consider the case where f (u′) 
= f (v ′), { f (u′), f (v ′)} ⊆ {0,1}, and { f (uu′),
f (vv ′)} ⊆ {4,5}. Without loss of generality, let f (u′) = 0 and f (v ′) = 1. There are the two possible cases (Case-1)
f (uu′) = f (vv ′) and (Case-2) f (uu′) 
= f (vv ′).
(Case-1) Let G3 be the graph obtained from G2 by adding two new vertices x and y and three new edges (u′, x), (x, y),
and (y, v ′). Notice that G3 is an outerplane graph with κ(G3) = 2 by the assumption that G2 has no cut vertex in G; this
enables to apply Algorithm LABEL-K2 to G3 (this is the reason why this assumption on G2 is necessary). There are the
following two possible cases: (1.1) both of u′ and v ′ are 2-vertices or 3-vertices, (1.2) otherwise.
(1.1) If u′ and v ′ are both 2-vertices, then add an inner edge (u′, v ′) to G3 and redeﬁne G3 by the resulting graph. Hence, in
G3, both of u′ and v ′ are 3-vertices. By applying Algorithm LABEL-K2 to G3 as x1 := u′ , we can obtain a (2,1)-total labeling
f1 : V (G3) ∪ E(G3) → L5 such that f1(u′) = 0 and f1(v ′) = 1. By Observation 2, we can assign the label of the outer edges
starting with the assignment of label f (uu′) to (x,u′). Moreover, by choosing an endface not containing {x, y} in Step 4.2 of
Algorithm LABEL-K2, we can obtain such a labeling f1 that f1(xu′) = f1(yv ′) = f (uu′) (= f (vv ′)). Observe that the labeling
g such that g(z) = f (z) for each z ∈ V (G ′) ∪ E(G ′) and g(z) = f1(z) for each z ∈ (V ∪ E) − (V (G ′) ∪ E(G ′)) is a (2,1)-total
labeling of G .
(1.2) Assume that u′ is a 3-vertex and v ′ is a 2-vertex (the other case can be treated similarly). Let f1 : V (G3)∪ E(G3) → L5
be a (2,1)-total labeling obtained by applying Algorithm LABEL-K2 to G3 as x1 := u′ and f1(u′) = 0. Moreover, as observed in
(Case-1.1), we can obtain such an f1, where f1(xu′) = f1(yv ′) = f (uu′). We now consider two cases depending on whether
v ′ is adjacent to a 3-vertex or not. If v ′ is not adjacent to a 3-vertex, we can obtain f1(v ′) = 1 by avoiding assigning label
2 to any vertex in {x, y, v ′} in Step 2.2. Observe that if f1(v ′) = 1, then a (2,1)-total labeling g of G can be constructed by
combining f and f1 similarly to (Case-1.1). Hence, we consider the case where the vertex w (
= y) adjacent to v ′ in G3 is a
3-vertex and f1(w) = 1. We can reassign labels for x, y, and v ′ as any one of two possible labelings (a) f1(x) = 1, f1(y) = 0,
and f1(v ′) = 2 and (b) f1(x) = 1, f1(y) = 2, and f1(v ′) = 0 without violating the feasibility. Observe that the labeling g
T. Hasunuma et al. / Journal of Discrete Algorithms 14 (2012) 189–206 193such that g(z) = f (z) for each z ∈ (V (G ′) ∪ E(G ′)) − {v ′}, g(z) = f1(z) for each z ∈ (V ∪ E) − (V (G ′) ∪ E(G ′)), and g(v ′) =
{0,2} − { f (v)} is a (2,1)-total labeling of G .
(Case-2) Let G3 be the graph obtained from G2 by adding a new vertex x and two new edges (u′, x) and (x, v ′). Notice that
G3 is an outerplane graph with κ(G3) 2. There are the following two possible cases: (2.1) both of u′ and v ′ are 2-vertices
or 3-vertices, (2.2) otherwise.
(2.1) If u′ and v ′ are both 2-vertices, then add an inner edge (u′, v ′) to G3 and redeﬁne G3 by the resulting graph. Hence,
in G3, both of u′ and v ′ are 3-vertices. By applying Algorithm LABEL-K2 to G3 as x1 := u′ , we can obtain a (2,1)-total
labeling f1 : V (G3) ∪ E(G3) → L5 such that f1(u′) = 0 and f1(v ′) = 1. Moreover, by choosing an endface not containing x
in Step 4.2 of Algorithm LABEL-K2, we can obtain such a labeling f1, where f1(xu′) = f (uu′) and f1(xv ′) = f (vv ′). Observe
that the labeling g such that g(z) = f (z) for each z ∈ V (G ′) ∪ E(G ′) and g(z) = f1(z) for each z ∈ (V ∪ E) − (V (G ′) ∪ E(G ′))
is a (2,1)-total labeling of G .
(2.2) Assume that u′ is a 3-vertex and v ′ is a 2-vertex (the other case can be treated similarly). Let f1 : V (G3)∪ E(G3) → L5
be a (2,1)-total labeling obtained by applying Algorithm LABEL-K2 to G3 as x1 := u′ and f1(u′) = 0. Moreover, as observed in
(Case-2.1), we can obtain such a f1, where f1(xu′) = f (uu′) and f1(xv ′) = f (vv ′). Also, in the case where Step 2.2 is applied
to the sequence of 2-vertices containing x and v ′ , we can assign label 1 to v ′ by assigning label 2 to x (notice that in this
case, v ′ is not adjacent to any 3-vertex because the sequence of 2-vertices containing v ′ consists of odd vertices). Observe
that if f1(v ′) = 1, then a (2,1)-total labeling g of G can be constructed by combining f and f1 similarly to (Case-2.1).
Hence, we consider the case where Step 2.1 is applied to the sequence of 2-vertices containing x and v ′ and f1(v ′) = 0.
Then we can reassign label 2 to v ′ without violating the feasibility. Observe that the labeling g such that g(z) = f (z) for
each z ∈ (V (G ′)∪ E(G ′))−{v ′}, g(z) = f1(z) for each z ∈ (V ∪ E)− (V (G ′)∪ E(G ′)), and g(v ′) = {0,2}−{ f (v)} is a (2,1)-total
labeling of G . 
By using Lemma 1, we now prove that Chen and Wang’s conjecture is true if (G) = 3.
Theorem 2. If G = (V , E) is an outerplane graph with (G) 3, then λT2 (G) 5.
Proof. We prove this by induction on k = |V (G)| + |E(G)|. The theorem clearly holds if k = 1. Assume that k > 1 and for
each k′ < k, this theorem holds. If (G)  2, then λT2 (G)  4 holds as mentioned in Section 1. Therefore, we assume that
(G) = 3. We also assume that G is connected, since otherwise we can treat each component separately. Thus, 1 δ(G) 2
(note that any outerplanar graph has a vertex with degree at most two).
Consider the case where δ(G) = 1. Let u1 be a vertex with d(u1) = 1. By the induction hypothesis, G − u1 has a (2,1)-
total labeling f : V (G − u1) ∪ E(G − u1) → L5. Let u2 be the neighbor of u1 in G and u3,u4 be vertices adjacent to u2
in G − u1 where u3 = u4 may occur (note that (G) = 3). Hence we can extend f to the edge (u1,u2) and the vertex
u1 as follows: assign a label a ∈ L5 − { f (u2) − 1, f (u2), f (u2) + 1, f (u2u3), f (u2u4)} to (u1, v1), and then a label in L5 −
{ f (u2),a − 1,a,a + 1} to u1.
Consider the case where δ(G) = 2. Chen and Wang [4] showed that if κ(G) = 2, then λT2 (G)  5. Hence, we here only
consider the case where κ(G) = 1. Let G1 be a 2-connected component in G which has exactly one cut vertex vc of G . By
δ(G) = 2, we have |V (G1)|  3, and hence dG1 (vc)  2. By κ(G) = 1 and (G) = 3, it follows that dG1 (vc) = 2 holds and
V (G1) and V − V (G1) are connected by a bridge incident to vc , where a bridge is an edge whose deletion makes the graph
disconnected; denote this bridge by (vc,w) where w ∈ V − V (G1). By the induction hypothesis, H = (G− V (G1))+{(vc,w)}
has a (2,1)-total labeling f : V (H)∪E(H) → L5. By symmetry of labelings, it suﬃces to consider the following three possible
cases: (Case-1) f (vcw) = 5, (Case-2) f (vcw) = 4, and (Case-3) f (vcw) = 3. In each case, we show that we can extend f to
a (2,1)-total labeling f ′ : V ∪ E → L5 of G by giving an algorithm for labeling vertices and edges in G1 consistently with f ,
i.e., f ′(x) := f (x) for every x ∈ V (H) ∪ E(H).
First consider the case where G1 has no inner edge with |V (G1)| = 3. Let V (G1) = {u1 (= vc), u2,u3}. Then, in each
case of (Case-1)–(Case-3), we can obtain a (2,1)-total labeling f ′ of G in the following manner:
1. If f ′(vcw) = 3 and f ′(w) 
= 0, then let f ′(vc) := 0, f ′(u2) := 1, f ′(u3) := 5, f ′(vcu2) := 5, f ′(u2u3) := 3, and
f ′(u3vc) := 2. If f ′(vcw) = 3 and f ′(w) = 0, then let f ′(vc) = 5, f ′(u2) := 2, f ′(u3) := 0, f ′(vcu2) := 0, f ′(u2u3) := 5,
and f ′(u3vc) := 2.
2. If f ′(vcw) ∈ {4,5}, then assign labels for vertices or edges in G1 as follows. First assign a label a ∈ {0,1} − { f ′(w)} to
vc , and then a label in {0,1} − {a} to u2. Assign labels 2 and 3 to u3 and (u2, vc), respectively. If f ′(vcw) = 4 (resp.,
f ′(vcw) = 5), then assign label 4 (resp., 5) to (u2,u3), and label 5 (resp., 4) to (u3, vc).
Next consider the remaining cases; G1 has no inner edge with |V (G1)|  4, or has an inner edge. In the former case,
we add an extra inner edge e′ not incident to vc to G1, and redeﬁne G1 by the resulting graph (note that we can obtain
a required labeling f ′ of G by discarding the label for the edge e′ from a (2,1)-total labeling of V ∪ E ∪ {e′} extended
194 T. Hasunuma et al. / Journal of Discrete Algorithms 14 (2012) 189–206Fig. 3. Illustration for an outerplane graph G = (V , E) with (G) = 3 and V = V1 ∪ V2 and its subgraph G1 induced by V1, where G1 has ex-
actly one cut vertex vc of G , NG1 (vc) = {x1, x2}, and (x1, xp′ ) = (x1, x6) is an inner edge of G1. The graph G2 is the subgraph of G1 induced by
{x1, vc , x2, y21, y22, x3, y31, y32, y33, x4, y41, x5, y51, y52, x6}. Note that V (G1) − V (G2) has no cut vertex of G . The graph H = (G − V (G1)) + {(vc ,w)} is the
subgraph of G induced by V2 ∪ {vc}.
according to the arguments below). Hence, G1 has an inner edge. Assume that on the boundary of its outer face in G1,
each 3-vertex is numbered x1, x2, . . . , xp in clockwise order. Also assume that for i = 1,2, . . . , p, each 2-vertex on the path
connecting xi and xi+1 (on the boundary of its outer face) is numbered yi1, yi2, . . . , yiqi in clockwise order, where xp+1 = x1.
Also, if qi = 0, then let yiqi := xi . Let Pi denote the path (xi, yi1, . . . , yiqi , xi+1). Without loss of generality, assume that vc is a
2-vertex between x1 and x2 in G1 and vc = y1 for some . Let f1 : V (G1)∪ E(G1) → L5 be a (2,1)-total labeling obtained by
applying Algorithm LABEL-K2 to G1, while (A) choosing y1j as a vertex other than vc in Step 2.2 if q1  3, and (B) choosing
y1j as a vertex not in {vc} ∪ NG(vc) in Step 2.2 if (i) q1  5 or (ii) q1 = 3 and vc 
= y12, and (C) choosing an endface not
containing vc in Step 4.2.
Consider the case where vc is adjacent to a 2-vertex in G1 and q1 > 1. Without loss of generality, assume that y1−1
is a 2-vertex. Then by q1 > 1 and the choice of y1j in Step 2.2 of Algorithm LABEL-K2, we can see that f1(vc) 
= 2 and
f1(vc) ∈ {0,1}. Moreover, we can assume that f1(vc) ∈ {0,1}− { f ′(w)} since otherwise we recompute a (2,1)-total labeling
f ′1 of G1 by starting with x2 instead of x1 in Step 1 of Algorithm LABEL-K2 and redeﬁne f1 by f ′1. Also, we can assume
that in the case where f ′(vcw) = 4 (resp., 5), if q1 
= 3 or vc 
= y12, then f1(y1−1vc) = 4 (resp., 5) and if q1 = 3 and vc = y12,
then f1(vc y′) = 4 (resp., 5) for y′ ∈ {y11, y13} with f1(y′) 
= 2 (by Observation 2, this is possible since we can choose as F
an endface not containing vc in Step 4.2 of Algorithm LABEL-K2 and start with assigning the label f ′(vcw) to (y1−1, vc) if
q1 
= 3 or vc 
= y12 and to (y′, vc) otherwise). Note that f1 along with f ′ is not feasible in G by f1(y1−1vc) = f ′(vcw) or
f1(y′vc) = f ′(vcw), but that f1 is feasible in G1 and two edges incident to vc in G1 have distinct labels since f1 is obtained
by Algorithm LABEL-K2. Also, note that in the case where q1 = 3 and vc = y12, exactly one of y11 and y13 has label 2 in f1.
Let f ′(z) := f1(z) for each z ∈ V (G1)∪ E(G1). Observe that if f ′(vcw) = 3, then f ′ is a (2,1)-total labeling of G . In the case
where f ′(vcw) ∈ {4,5}, if q1 
= 3 or vc 
= y12 (resp., q1 = 3 and vc = y12), reassign a label for (y1−1, vc) (resp., (y′, vc)) as
f ′(y1−1vc) := 3 (resp., f ′(y′vc) := 3). Then, we can see that the resulting f ′ is a (2,1)-total labeling of G since if q1 
= 3 or
vc 
= y12, then f ′(y1−1) 
= 2 by the choice of y1j in Step 2.2 and otherwise then f ′(y′) 
= 2.
Finally, consider the case where NG1(vc) = {x1, x2}, i.e., q1 = 1. Let xp′ be a 3-vertex such that (x1, xp′ ) is an inner
edge of G1. Let G2 be the subgraph of G1 induced by V (P1) ∪ V (P2) ∪ · · · ∪ V (P p′−1). Let u′ ∈ V (G1) − V (G2) (resp.,
v ′ ∈ V (G1) − V (G2)) be the neighbor of x1 (resp., xp′ ) (see Fig. 3 for an instance of G1 and G2). Notice that the component
in G − {x1, xp′ } containing {u′, v ′} has no cut vertex in G . We will show that if u′ 
= v ′ , then there exists a (2,1)-total
labeling g′ of (H + G2) + {(x1,u′), (xp′ , v ′)} satisfying the conditions of Lemma 1 (recall that H = (G − V (G1)) + {(vc,w)}).
Note that in this case, Lemma 1 ensures the existence of a (2,1)-total labeling g : V ∪ E → L5 of G . Also, in the case where
u′ = v ′ , we will show directly the existence of a (2,1)-total labeling g : V ∪ E → L5 of G .
(Case-1) f (vcw) = 5.
(1.1) Assume that f (w) 
= 3.
Let f ′(z) := f1(z) for each z ∈ V (G1) ∪ E(G1). Then, f ′ is a (2,1)-total labeling of G (note that f ′(vc) = 3).
(1.2) Assume that f (w) = 3.
If p′ = 2 and u′ = v ′ , then let f ′(x1) := 5, f ′(vc) := 0, f ′(x2) := 2, f ′(u′) := 0, f ′(x1vc) := 3, f ′(vcx2) := 4, f ′(x1x2) := 0,
f ′(x2u′) := 5, and f ′(u′x1) := 2. Observe that the resulting labeling f ′ is a (2,1)-total labeling of G .
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= v ′ , then let f ′(x1) := 5, f ′(vc) := 0, f ′(x2) := 4, f ′(u′) := 4, f ′(v ′) := 5, f ′(x1vc) := 3, f ′(vcx2) := 2,
f ′(x1x2) := 0, f ′(x2v ′) := 1, and f ′(u′x1) := 1. Observe that the resulting labeling f ′ is feasible for H+G2+{(x1,u′), (x2, v ′)}
and satisﬁes the conditions of Lemma 1.
Assume that p′ 
= 2. Then we can obtain a (2,1)-total labeling of G in the following manner, where “assigning a label a
to z ∈ V ∪ E” means that f ′(z) := a.
1. Assign label 3 to each inner edge in G2.
2. Let f ′(vc) := 0. Assign labels 1 and 0 alternately to 3-vertices x2, x3, . . . , xp′−1 (note that as a result, f ′(xp′−1) = 0).
Assign labels to 2-vertices yij (2 i  p′ − 2) according to Step 2 of Algorithm LABEL-K2.
3. Trace outer edges from (vc, x2) to (y
p′−2
qp′−2 , xp′−1) on {(vc, x2)} ∪ E(P2) ∪ · · · ∪ E(P p′−2) in clockwise order and assign
labels 4 and 5 alternately.
3.1. If qp′−1 > 0, i.e., xp′ and xp′−1 are not adjacent, then assign labels to the remaining vertices or edges as follows. Let
f ′(x1) := 5, f ′(xp′ ) := 4, f ′(x1vc) := 3, f ′(x1xp′ ) := 2, and f ′(xp′−1, yp
′−1
1 ) := 2. Assign labels 0 and 1 alternately
to outer edges (yp
′−1
1 , y
p′−1
2 ), (y
p′−1
2 , y
p′−1
3 ), . . . , (y
p′−1
qp′−1 , xp′), (xp′ , v
′). Moreover, if qp′−1 is even (resp., odd), then
assign labels 4 and 5 (resp., 5 and 4) alternately to 2-vertices yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 . If u
′ = v ′ , then let f ′(u′) := 3
and f ′(u′x1) := {0,1} − { f ′(xp′u′)}. If u′ 
= v ′ , then let f ′(u′) := 4, f ′(v ′) := 5, and f ′(u′x1) := 1, and extend f ′ to a
(2,1)-total labeling of G according to Lemma 1.
3.2. If qp′−1 = 0 and u′ 
= v ′ , then let f ′(x1) := f ′(v ′) := 4, f ′(xp′ ) := f ′(u′) := 5, f ′(x1xp′ ) := 0, f ′(xp′−1xp′ ) :=
f ′(x1vc) := 2, and f ′(x1u′) := f ′(xp′ v ′) := 1, and extend f ′ to a (2,1)-total labeling of G according to Lemma 1.
3.3. If qp′−1 = 0, u′ = v ′ and f ′(yp
′−2
qp′−2xp′−1) = 4, then let f ′(x1) := 5, f ′(xp′ ) := 3, f ′(u′) := 4, f ′(x1xp′ ) := 1,
f ′(xp′−1xp′) := 5, f ′(x1vc) := 3, and f ′(x1u′) := 2, and f ′(xp′u′) := 0.
3.4. If qp′−1 = 0, u′ = v ′ and f ′(yp
′−2
qp′−2xp′−1) = 5, then let f ′(x1) := 5, f ′(xp′ ) := 2, f ′(u′) := 0, f ′(x1xp′ ) := 0,
f ′(xp′−1xp′) := 4, f ′(x1vc) := 3, and f ′(x1u′) := 2, and f ′(xp′u′) := 5.
(Case-2) f (vcw) = 4.
(2.1) Assume that f (w) 
= 0.
If p′ = 2 and u′ = v ′ , then let f ′(x1) := 5, f ′(vc) := 0, f ′(x2) := 2, f ′(u′) = 0, f ′(x1vc) := 3, f ′(vcx2) := 5, f ′(x1x2) := 0,
f ′(x2u′) := 4, and f ′(u′x1) := 2.
If p′ = 2 and u′ 
= v ′ , then let f ′(x1) := f ′(v ′) := 5, f ′(vc) := 0, f ′(x2) := f ′(u′) =: 4, f ′(x1vc) := 3, f ′(vcx2) := 2,
f ′(x1x2) := 0, f ′(x2v ′) := 1, f ′(u′x1) := 1. Observe that the resulting labeling f ′ is feasible for H + G2 + {(x1,u′), (x2, v ′)}
and satisﬁes the conditions of Lemma 1.
The case where p′ 
= 2 can be treated similarly to (1.2) of (Case-1), where p′ 
= 2, by starting with assigning to (vc, x2)
label 5 instead of label 4.
(2.2) Assume that f (w) = 0.
If p′ = 2 and u′ = v ′ , then let f ′(vc) := 1, f ′(x1) := 5, f ′(x2) := 3, f ′(u′) := 4, f ′(x1vc) := 3, f ′(vcx2) := 5, f ′(x1x2) := 0,
f ′(x1u′) := 2, and f ′(x2u′) := 1.
If p′ = 2 and u′ 
= v ′ , then f ′(vc) := 1, f ′(x1) := 5, f ′(x2) := 3, f ′(u′) := 4, f ′(v ′) := 5, f ′(x1vc) := 3, f ′(vcx2) := 5,
f ′(x1x2) := 0, f ′(x1u′) := 1, and f ′(x2v ′) := 1. Observe that the resulting labeling is feasible for H + G2 + {(x1,u′), (x2, v ′)}
and satisﬁes the conditions of Lemma 1.
Assume that p′ 
= 2. Then we can obtain a (2,1)-total labeling of G in the following manner.
1. Assign label 3 to each inner edge in G2.
2. Trace outer edges from (vc, x2) to (y
p′−1
qp′−1 , xp′ ) on {(vc, x2)} ∪ E(P2) ∪ · · · ∪ E(P p′−1) in clockwise order and assign
labels 5 and 4 alternately.
2.1. If f ′(yp
′−1
qp′−1xp′ ) = 4 and u′ 
= v ′ , then assign labels for the remaining vertices and edges as follows. Let f ′(vc) := 2.
Assign labels 1 and 0 alternately to 3-vertices x2, x3, . . . , xp′−1 (notice that f ′(xp′−1) = 0). Assign labels to 2-
vertices yij (2  i  p′ − 2) according to Step 2 of algorithm LABEL-K2. Let f ′(x1) := 3, f ′(xp′ ) := 2, f ′(u′) := 4,
f ′(v ′) := 5, f ′(x1vc) := 0, f ′(x1xp′) := 5, f ′(x1u′) := 1, and f ′(xp′ v ′) := 0. Assign labels 1 and 0 alternately to
2-vertices yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 . Then, extend f
′ to a (2,1)-total labeling of G according to Lemma 1.
2.2. If f ′(yp
′−1
qp′−1xp′ ) = 5 and u′ 
= v ′ , then assign labels for the remaining vertices and edges as follows. Let f ′(vc) := 1.
Assign labels 0 and 1 alternately to 3-vertices x2, x3, . . . , xp′−1 (notice that f ′(xp′−1) = 1). Assign labels to 2-
vertices yi (2  i  p′ − 2) according to Step 2 of algorithm LABEL-K2. Let f ′(x1) := 5, f ′(xp′ ) := 3, f ′(u′) := 4,j
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2-vertices yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 . Then, extend f
′ to a (2,1)-total labeling of G according to Lemma 1.
2.3. If f ′(yp
′−1
qp′−1xp′ ) = 4 and u′ = v ′ , then assign labels for the remaining vertices and edges as follows. Let f ′(vc) := 2.
Assign labels 1 and 0 alternately to 3-vertices x2, x3, . . . , xp′−1 (notice that f ′(xp′−1) = 0). Assign labels to
2-vertices yij (2 i  p′ − 2) according to Step 2 of algorithm LABEL-K2. Let f ′(x1) := 3, f ′(xp′ ) := 2, f ′(u′) := 5,
f ′(x1vc) := 0, f ′(x1xp′ ) := 5, f ′(x1u′) := 1, and f ′(xp′u′) := 0. Assign labels 1 and 0 alternately to 2-vertices
yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 .
2.4. If f ′(yp
′−1
qp′−1xp′ ) = 5 and u′ = v ′ , then assign labels for the remaining vertices and edges as follows. Let f ′(vc) := 1.
Assign labels 0 and 1 alternately to 3-vertices x2, x3, . . . , xp′−1 (notice that f ′(xp′−1) = 1). Assign labels to
2-vertices yij (2 i  p′ − 2) according to Step 2 of algorithm LABEL-K2. Let f ′(x1) := 5, f ′(xp′ ) := 3, f ′(u′) := 4,
f ′(x1vc) := 3, f ′(x1xp′ ) := 0, f ′(x1u′) := 2, and f ′(xp′u′) := 1. Assign labels 0 and 1 alternately to 2-vertices
yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 .
(Case-3) f (vcw) = 3.
First consider the case where p′ = 2 and u′ = v ′ . If f (w) 
= 5, then let f ′(x1) := 0, f ′(vc) := 5, f ′(x2) := 2, f ′(u′) := 1,
f ′(x1vc) := 2, f ′(vcx2) := 0, f ′(x1x2) := 5, f ′(x2u′) := 4, and f ′(u′x1) := 3. If f (w) = 5, then let f ′(x1) := 4, f ′(vc) := 0,
f ′(x2) := 2, f ′(u′) := 3, f ′(x1vc) := 2, f ′(vcx2) := 4, f ′(x1x2) := 0, f ′(x2u′) := 5, and f ′(u′x1) := 1.
Next consider the case where p′ = 2 and u′ 
= v ′ . If f (w) 
= 5, then let f ′(x1) := 0, f ′(vc) := 5, f ′(x2) := 2, f ′(u′) := 1,
f ′(v ′) := 0, f ′(x1vc) := 2, f ′(vcx2) := 0, f ′(x1x2) := 5, f ′(x2v ′) := 4, and f ′(u′x1) := 4. If f (w) = 5, then let f ′(x1) := 3,
f ′(vc) := 0, f ′(x2) := 5, f ′(u′) := 5, f ′(v ′) := 4, f ′(x1vc) := 5, f ′(vcx2) := 2, f ′(x1x2) := 0, f ′(x2v ′) := 1, and f ′(u′x1) := 1.
Observe that in each of the above two cases, the resulting labeling is feasible for H +G2 +{(x1,u′), (xp′ , v ′)} and satisﬁes
the conditions of Lemma 1.
Finally, consider the case where p′ 
= 2. We divide this case into the following two subcases: (3.1) f ′(w) 
= 0 and
(3.2) f ′(w) = 0.
(3.1) Assume that f ′(w) 
= 0.
We can obtain a (2,1)-total labeling of G in the following manner.
1. Assign label 3 to each inner edge in G2.
2. Let f ′(vc) := 0. Assign labels 1 and 0 alternately to 3-vertices x2, x3, . . . , xp′−1 (note that as a result, f ′(xp′−1) = 0). As-
sign labels to 2-vertices yij (2 i  p′ − 2) according to Step 2 of algorithm LABEL-K2. Assign labels 1 and 0 alternately
to 2-vertices yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 .
3. Trace outer edges from (vc, x2) to (y
p′−1
qp′−1 , xp′ ) on {(vc, x2)} ∪ E(P2) ∪ · · · ∪ E(P p′−1) in clockwise order and assign
labels 4 and 5 (resp., 5 and 4) alternately if the number of outer edges in G2 is even (resp., odd). Notice that as a result,
the edge (yp
′−1
qp′−1 , xp′ ) has label 5.
3.1. If u′ 
= v ′ , then let f ′(x1) := 5, f ′(xp′ ) := 3, f ′(u′) := 4, f ′(v ′) := 5, f ′(x1vc) := 2, f ′(x1xp′ ) := 0, f ′(x1u′) := 1, and
f ′(xp′ v ′) := 1. Then, extend f ′ to a (2,1)-total labeling of G according to Lemma 1.
3.2. If u′ = v ′ , then let f ′(x1) := 5, f ′(xp′ ) := 2, f ′(u′) := 0, f ′(x1vc) := 2, f ′(x1xp′ ) := 0, f ′(x1u′) := 3, and
f ′(xp′u′) := 4.
(3.2) Assume that f ′(w) = 0.
We can obtain a (2,1)-total labeling of G in the following manner.
1. Assign label 2 to each inner edge in G2.
2. Let f ′(vc) := 5. Assign labels 4 and 5 alternately to 3-vertices x2, x3, . . . , xp′−1 (note that as a result, f ′(xp′−1) = 5).
Assign labels to 2-vertices yij (2 i  p′ − 2) according to Step 2 of Algorithm LABEL-K2′ , where Algorithm LABEL-K2′
denotes the algorithm obtained from Algorithm LABEL-K2 by replacing each label i to be assigned with 5 − i. Assign
labels 4 and 5 alternately to 2-vertices yp
′−1
1 , y
p′−1
2 , . . . , y
p′−1
qp′−1 .
3. Trace outer edges from (vc, x2) to (y
p′−1
qp′−1 , xp′ ) on {(vc, x2)} ∪ E(P2) ∪ · · · ∪ E(P p′−1) in clockwise order and assign
labels 1 and 0 (resp., 0 and 1) alternately if the number of outer edges in G2 is even (resp., odd). Notice that as a result,
the edge (yp
′−1
qp′−1 , xp′ ) has label 0.
3.1. If u′ 
= v ′ , then let f ′(x1) := 0, f ′(xp′ ) := 2, f ′(u′) := 1, f ′(v ′) := 0, f ′(x1vc) := 2, f ′(x1xp′ ) := 4, f ′(x1u′) := 5, and
f ′(xp′ v ′) := 5. Then, extend f ′ to a (2,1)-total labeling of G according to Lemma 1.
3.2. If u′ = v ′ , then let f ′(x1) := 0, f ′(xp′ ) := 2, f ′(u′) := 1, f ′(x1vc) := 2, f ′(x1xp′) := 4, f ′(x1u′) := 3, and
f ′(xp′u′) := 5. 
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Finally, we show that according to the proof of Theorem 2, we can ﬁnd a (2,1)-total labeling f : V (G) ∪ E(G) → L5 in
linear time.
Corollary 3. For an outerplanar graph G = (V , E) with (G) = 3, a (2,1)-total labeling f : V ∪ E → L5 of G can be found in linear
time.
Proof. According to the proof of Theorem 2, we can ﬁnd a (2,1)-total labeling f : V ∪ E → L5 of G in the following two
steps. In the ﬁrst step, we delete 2-connected components with exactly one cut vertex recursively until a 2-connected graph
G(t) is obtained, where G(i) denotes the 2-connected component deleted in the i-th iteration for i = 1,2, . . . , t − 1. In the
second step, after applying Algorithm LABEL-K2 to G(t) to ﬁnd a feasible labeling f (t) of G(t) , we extend f (i) to a feasible
labeling f (i−1) of G(t) + G(t−1) + · · · + G(i−1) repeatedly for i = t, t − 1, . . . ,2 according to the proof of Theorem 2. It is not
diﬃcult to see that this procedure can be implemented to run in linear time, since all cut vertices of G can be found in
linear time and Algorithm LABEL-K2 can be executed in linear time. 
4. Case (G)= 4
Let G = (V , E) be an outerplane graph. The following structural properties of outerplane graphs are known.
Theorem 4. (See [14].) Every outerplane graph G with δ(G) = 2 contains one of the following conﬁgurations:
(C1) two adjacent 2-vertices u1 and u2 ,
(C2) a 3-face [u1u2u3] with d(u1) = 2 and d(u2) = 3,
(C3) two 3-faces [u1u2u3] and [u3u4u5] such that d(u3) = 4 and d(u2) = d(u4) = 2.
Chen and Wang [4] proved that if G does not contain (C3) and (G) = 4 holds, then λT2 (G) 6. Their proof utilizes the
property that if G contains (C1) or (C2) as its subgraph H , then a (2,1)-total labeling of the proper subgraph G − H ′ of G
for some subgraph H ′ of H can be extended to a (2,1)-total labeling of G . On the other hand, in the case where G contains
neither (C1) nor (C2), such a property does not hold; for example, for some graph G which contains (C3) as its subgraph H ,
there exists a labeling of G − H which we cannot extend to any feasible labeling in G . To overcome this, we derive a new
structural property, i.e., if G contains neither (C1) nor (C2) and (G) = 4 holds, then G contains a new conﬁguration as
shown in Lemma 5 below, which includes (C3) as a subconﬁguration.
Assume that (G) = 4. Deﬁne a chain of 3-faces as a sequence
C = {[u1u2u3], [u3u4u5], . . . , [u2t−1u2tu2t+1]
}
(t  2)
of 3-faces such that (u2i−1,u2i) and (u2i,u2i+1) are on the outer face of G and (u2i−1,u2i+1) is an inner edge for each
i = 1,2, . . . , t (see Fig. 4). Notice that d(u2i) = 2 holds for each i = 1,2, . . . , t and that d(u2i+1) = 4 holds for each i =
1,2, . . . , t − 1 by (G) = 4; no vertex other than u2i−1,u2i,u2i+2, and u2i+3 is adjacent to u2i+1.
Lemma 5. If G is an outerplane graph with (G) = 4 and δ(G) = 2 which contains neither (C1) nor (C2), then G has a chain
{[u1u2u3], [u3u4u5], . . . , [u2t−1u2tu2t+1]} of 3-faces such that (u1,u2t+1) is an inner edge.
Proof. Let G be an outerplane graph with δ(G) = 2 which contains neither (C1) nor (C2). Let G ′ be a 2-connected compo-
nent of G which contains exactly one cut vertex vc of G if G is not 2-connected, G ′ = G otherwise. Notice that |V (G ′)| 3
by δ(G) = 2. Then G ′ has an inner edge since otherwise G contains (C1). There are the following two possible cases:
(Case-I) every inner edge in G ′ belongs to some endface, (Case-II) otherwise. Assume that each vertex on the boundary of
the outer face of G ′ is numbered v ′1, v ′2, . . . , v ′t in clockwise order. Notice that each endface not containing vc as a 2-vertex
in G ′ is a 3-face since otherwise it would contain (C1).
(Case-I) Notice that there are at least two end faces in G ′ . Without loss of generality, let [v ′1v ′2v ′3] be an endface of G ′ with
vc /∈ {v ′ , v ′ }; dG(v ′ ) = dG ′(v ′ ) = 2. Then an inner edge other than (v ′ , v ′ ) is incident to v ′ , since otherwise dG(v ′ ) = 32 3 2 2 1 3 3 3
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some endface, and hence we can see that another 3-face [v ′3v ′4v ′5] exists; {[v ′1v ′2v ′3], [v ′3v ′4v ′5]} is a chain. Moreover, observe
that if v ′1 
= vc also holds, then [v ′t−1v ′t v ′1] is a 3-face and {[v ′t−1v ′t v ′1], [v ′1v ′2v ′3], [v ′3v ′4v ′5]} is a chain. By repeating similar
observations, it follows that there exists a chain C = {[v ′1v ′2v ′3], [v ′3v ′4v ′5], . . . , [v ′t−1v ′t v ′1]}. Then notice that dG ′ (v ′i) = 4
(resp., 2) if i is odd (resp., even); by (G) = 4, if vc exists, then vc is some vertex v ′j with dG ′ (v ′j) = 2. Hence, we can see
that if vc exists, then G ′ − vc contains a chain with an inner edge (v ′j−1, v ′j+1), and that otherwise C − {[v ′t−1v ′t v ′1]} is a
chain with an inner edge (v ′1, v ′t−1) as required.
(Case-II) For an inner edge (v ′i, v
′
j) ∈ E , let G[v ′i, v ′j] denote the subgraph of G induced by {v ′i, v ′i+1, . . . , v ′j−1, v ′j}. Without
loss of generality, let (v ′1, v ′i) be an inner edge in G
′ which does not belong to any endface such that G[v ′2, v ′i−1] does not
contain vc . Moreover, we can choose such an edge (v ′1, v ′i) that any inner edge in G[v ′1, v ′i] belongs to some endface of G .
Note that if G[v ′1, v ′i] contains an inner edge e′ = (v ′j, v ′k) (1  j  k  i) not in any endface, then the number of inner
edges not in any endface in G[v ′j, v ′k] is less than that in G[v ′1, v ′i] and this observation indicates that this choice of (v ′1, v ′i)
is possible. Then by applying the similar arguments as used in Case-I to endfaces in G[v ′1, v ′i] (also in G), we can observe
that there exists a chain {[v ′1v ′2v ′3], [v ′3v ′4v ′5], . . . , [v ′i−2v ′i−1v ′i]}, which is a required chain. 
By utilizing this lemma, we show that λT2 (G)(G) + 2 holds even if (G) = 4.
Theorem 6. If G = (V , E) is an outerplane graph with (G) 4, then λT2 (G) 6.
Proof. We prove this by induction on k = |V (G)| + |E(G)|. The theorem clearly holds if k = 1. We may thus assume that
k  2 and for each k′ < k, this theorem holds. If (G)  3, then λT2 (G)  5 by Theorem 2. Therefore, we assume that
(G) = 4. We also assume that G is connected, since otherwise we can treat each component separately. Thus, 1 δ(G) 2.
In the case where δ(G) = 1, similarly to the proof of Theorem 2, we can observe that G has a (2,1)-total labeling f :
V (G) ∪ E(G) → L6.
Consider the case where δ(G) = 2. By Theorem 4, G contains at least one of the conﬁgurations (C1)–(C3). Chen and
Wang [4, Theorem 13] showed that if G contains (C1) or (C2), then a (2,1)-total labeling of G can be obtained from
a feasible labeling of some subgraph of G . Here we only consider the case where G contains neither (C1) nor (C2). By
Lemma 5, G contains a chain C = {[u1u2u3], [u3u4u5], . . . , [u2t−1u2tu2t+1]} of 3-faces such that (u1,u2t+1) is an inner
edge. Let w1 (resp., w2t+1) denote the vertex not in C which is adjacent to u1 (resp., u2t+1) (note that by (G) = 4,
no edge other than (u1,w1) and (u2t+1,w2t+1) connects C and the remaining part of G). By the induction hypothesis,
H := (G−{u2,u3, . . . ,u2t})−{(u1,u2t+1)} has a (2,1)-total labeling f : V (H)∪ E(H) → L6. Then by dH (u1) = dH (u2t+1) = 1,
we can assign any label in L6 − { f (w1), f (u1w1) − 1, f (u1w1), f (u1w1) + 1} (resp., L6 − { f (w2t+1), f (u2t+1w2t+1) − 1,
f (u2t+1w2t+1), f (u2t+1w2t+1) + 1}) to u1 (resp., u2t+1) without violating the feasibility.
Let L(u1; f ) and L(u2t+1; f ) denote the sets of such possible labels with respect to f for u1 and u2t+1, respec-
tively; L(u1; f ) = L6 − { f (w1), f (u1w1) − 1, f (u1w1), f (u1w1) + 1} and L(u2t+1; f ) = L6 − { f (w2t+1), f (u2t+1w2t+1)− 1,
f (u2t+1w2t+1), f (u2t+1w2t+1) + 1}. Notice that |L(u1; f )| 3 and |L(u2t+1; f )| 3. Then we can see the following claim.
Claim 1. L(u1; f ) × L(u2t+1; f ) contains one of (0,6), (0,1), (1,2), (2,3), (3,4), (4,5), (5,6), (6,0), (6,5), (5,4), (4,3), (3,2),
(2,1), and (1,0).
Proof. Assume for contradiction that this claim does not hold. First consider the case where {0,6} ⊆ L(u1; f ). By assump-
tion, {0,6} ∩ L(u2t+1; f ) = ∅. This indicates that (a1) f (w2t+1) = 0 and f (u2t+1w2t+1) ∈ {5,6} or (a2) f (w2t+1) = 6 and
f (u2t+1w2t+1) ∈ {0,1}. In the case of (a1), we have 1 ∈ L(u2t+1; f ) (i.e., (0,1) ∈ L(u1; f ) × L(u2t+1; f )) and in the case of
(a2), we have 5 ∈ L(u2t+1; f ) (i.e., (6,5) ∈ L(u1; f ) × L(u2t+1; f )), a contradiction.
Next consider the case where 0 ∈ L(u1; f ) and 6 /∈ L(u1; f ). By assumption, {1,6} ∩ L(u2t+1; f ) = ∅. This indicates
that (b1) f (w2t+1) = 1 and f (u2t+1w2t+1) = 5, (b2) f (w2t+1) = 1 and f (u2t+1w2t+1) = 6, (b3) f (w2t+1) = 6 and
f (u2t+1w2t+1) = 0, (b4) f (w2t+1) = 6 and f (u2t+1w2t+1) = 1, or (b5) f (w2t+1) = 6 and f (u2t+1w2t+1) = 2. In the case of
(b1) (resp., (b2), (b3), (b4), (b5)), we have L(u2t+1; f ) = {0,2,3} (resp., {0,2,3,4}, {2,3,4,5}, {3,4,5}, {0,4,5}). By assump-
tion that f does not satisfy this claim, it follows that in the case of (b1) (resp., (b2), (b3), (b4), (b5)), L(u1; f ) ⊆ {0,5} (resp.,
{0}, {0}, {0,1}, {0,2}). All of these cases contradict |L(u1; f )| 3.
By symmetry of labelings, the case where 6 ∈ L(u1; f ) and 0 /∈ L(u1; f ) can be treated similarly to the previous case.
Finally, consider the case where {0,6}∩L(u1; f ) = ∅. Assume that {0,6}∩L(u2t+1; f ) = ∅, since any other case can be treated
similarly by exchanging parts of u1 and u2t+1. Then we can observe that 3 ∈ L(u1; f ), {2,4} ∩ L(u1; f ) 
= ∅, 3 ∈ L(u2t+1; f ),
and {2,4} ∩ L(u2t+1; f ) 
= ∅. It follows that (2,3) or (4,3) are contained in L(u1; f ) × L(u2t+1; f ), a contradiction. 
By symmetry of labelings and this claim, it suﬃces to consider the following four cases: (Case-1) 0 ∈ L(u1; f ) and
6 ∈ L(u2t+1; f ), (Case-2) 0 ∈ L(u1; f ) and 1 ∈ L(u2t+1; f ), (Case-3) 1 ∈ L(u1; f ) and 2 ∈ L(u2t+1; f ), and (Case-4) 2 ∈ L(u1; f )
and 3 ∈ L(u2t+1; f ). In each case we will extend f to a (2,1)-total labeling f ′ : V ∪ E → L6 of G , i.e., we will show how
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List for all cases treated in the proof of Theorem 6.
Cases f ′(u1) f ′(u2t+1) t f ′(u1w1) f ′(u2t+1w2t+1)
Case-1 1.1.1/1.2.1 0 6 even/odd 
= 6 
= 0
1.1.2/1.2.2 0 6 even/odd 6 
= 0
1.1.3/1.2.3 0 6 even/odd 
= 6 0
1.1.4/1.2.4 0 6 even/odd 6 0
Case-2 2.1.1 0 1 even 
= 2 /∈ {3,4}
2.1.2 0 1 even 2 /∈ {3,4}
2.1.3 0 1 even 
= 2 3
2.1.4 0 1 even 
= 2 4
2.1.5 0 1 even 2 3
2.1.6 0 1 even 2 4
Case-2 2.2.1 0 1 odd 
= 2 
= 5
2.2.2 0 1 odd 2 
= 5
2.2.3 0 1 odd 
= 2 5
2.2.4 0 1 odd 2 5
Case-3 3.1.1/3.2.1 1 2 even/odd 
= 3 
= 0
3.1.2/3.2.2 1 2 even/odd 3 
= 0
3.1.3/3.2.3 1 2 even/odd 
= 3 0
3.1.4/3.2.4 1 2 even/odd 3 0
Case-4 4.1.1/4.2.1 2 3 even/odd 
= 4 
= 1
4.1.2/4.2.2 2 3 even/odd 4 
= 1
4.1.3/4.2.3 2 3 even/odd 
= 4 1
4.1.4/4.2.4 2 3 even/odd 4 1
Fig. 5. A labeling f1 on C.
to label vertices and edges in C consistently with f . Let f ′(x) := f (x) for every x ∈ V (H) ∪ E(H). More precisely, we divide
(Case-i), i = 1,2,3,4, into several subcases depending on f ′(u1), f ′(u2t+1), f ′(u1w1), f ′(u2t+1w2t+1), and the parity of t .
Table 1 lists all cases treated below. For example, (1.1.1) (resp., (1.2.1)) of (Case-1) deals with the case where f ′(u1) = 0,
f ′(u2t+1) = 6, t is even (resp., odd), f ′(u1w1) 
= 6, and f ′(u2t+1w2t+1) 
= 0.
(Case-1) Let f ′(u1) := 0 and f ′(u2t+1) := 6.
(1.1) Assume that t is even; t = 2t0.
(1.1.1) Assume that f ′(u1w1) 
= 6 and f ′(u2t+1w2t+1) 
= 0.
Let f ′(u2) := 6, f ′(u3) := 3, f ′(u4) := 0, f ′(u5) := 6, f ′(u2u3) := 1, f ′(u1u3) := 6, f ′(u3u4) := 5, f ′(u4u5) := 4, and
f ′(u3u5) := 0. For i = 2,3, . . . , t0, let f ′(u4i−2) := 1, f ′(u4i−1) := 3, f ′(u4i) := 0, f ′(u4i+1) := 6, f ′(u4i−3u4i−2) := 3,
f ′(u4i−2u4i−1) := 6, f ′(u4i−3u4i−1) := 1, f ′(u4i−1u4i) := 5, f ′(u4iu4i+1) := 4, and f ′(u4i−1u4i+1) := 0. Denote this label-
ing f ′ by f1 (see Fig. 5). We next assign a label {2,3,4} − { f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1), and a label in
{2,3,4} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {2,3,4} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1).
Then the resulting labeling f ′ is a (2,1)-total labeling of G .
(1.1.2) Assume that f ′(u1w1) = 6 and f ′(u2t+1w2t+1) 
= 0.
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Let f ′ := f1. We reassign labels for some vertices and edges as follows. Let f ′(u2) := 1, f ′(u3) := 2, f ′(u1u2) := 5,
f ′(u2u3) := 6 and f ′(u1u3) := 4. Next we assign a label in {2,3} − { f ′(u2t+1w2t+1)} to (u1,u2t+1) and reassign a label in
{2,3,4} − { f ′(u1u2t+1), f ′(u2t+1w2t+1)} to (u2t,u2t+1). Then the resulting labeling f ′ is a (2,1)-total labeling of G .
(1.1.3) Assume that f ′(u1w1) 
= 6 and f ′(u2t+1w2t+1) = 0.
Let f ′ := f1. We reassign labels for some vertices and edges as follows. Let f ′(u2t−1) := 4, f ′(u2t) := 5, f ′(u2t−1u2t) := 0,
f ′(u2tu2t+1) := 1, and f ′(u2t−1u2t+1) := 2. Next we assign a label in {3,4} − { f ′(u1w1)} to (u1,u2t+1) and a label in
{2,3,4} − { f ′(u1u2t+1), f ′(u1w1)} to (u1,u2). Then the resulting labeling f ′ is a (2,1)-total labeling of G .
(1.1.4) Assume that f ′(u1w1) = 6 and f ′(u2t+1w2t+1) = 0.
We can obtain a (2,1)-total labeling f ′ of G as follows. If t = 2, then let f ′(u2) := 3, f ′(u3) := 1, f ′(u4) := 3,
f ′(u1u2) := 5, f ′(u2u3) := 6, f ′(u1u3) := 4, f ′(u3u4) := 5, f ′(u4u5) := 1, f ′(u3u5) = 3, and f ′(u1u5) := 2.
Assume that t  4. Let f ′ := f1. We reassign labels for some vertices and edges similarly to (1.1.2) and (1.1.3). Namely,
let f ′(u2) := 1, f ′(u3) := 2, f ′(u1u2) := 5, f ′(u2u3) := 6, f ′(u1u3) := 4, f ′(u2t−1) := 4, f ′(u2t) := 5, f ′(u2t−1u2t) := 0,
f ′(u2tu2t+1) := 1, f ′(u2t−1u2t+1) := 2, and f ′(u1u2t+1) := 3.
(1.2) Assume that t is odd; t = 2t0 + 1 (t0  1).
(1.2.1) Assume that f ′(u1w1) 
= 6 and f ′(u2t+1w2t+1) 
= 0.
Let f ′(u2) := 6, f ′(u3) := 3, f ′(u4) := 0, f ′(u5) := 4, f ′(u6) := 0, f ′(u7) := 6, f ′(u2u3) := 0, f ′(u1u3) := 6, f ′(u3u4) := 5,
f ′(u4u5) := 2, f ′(u3u5) := 1, f ′(u5u6) := 6, f ′(u6u7) := 4, and f ′(u5u7) := 0. For i = 2,3, . . . , t0, let f ′(u4i) := 0,
f ′(u4i+1) := 4, f ′(u4i+2) := 0, f ′(u4i+3) := 6, f ′(u4i−1u4i) := 3, f ′(u4iu4i+1) := 2, f ′(u4i−1u4i+1) := 1, f ′(u4i+1u4i+2) := 6,
f ′(u4i+2u4i+3) := 4, and f ′(u4i+1u4i+3) := 0. Denote this labeling f ′ by f2 (see Fig. 6). We next assign a label {2,3,4} −
{ f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and assign a label in {2,3,4} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a
label in {2,3,4} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1).
(1.2.2) Assume that f ′(u1w1) = 6 and f ′(u2t+1w2t+1) 
= 0.
Let f ′ := f2. We reassign labels for some vertices and edges as follows. Let f ′(u2) := 2, f ′(u3) := 6, f ′(u1u2) := 5,
f ′(u1u3) := 4, and f ′(u3u4) := 3. Next we assign a label in {2,3} − { f ′(u2t+1w2t+1)} to (u1,u2t+1). Reassign a label in
{2,3,4} − { f ′(u1u2t+1), f ′(u2t+1w2t+1)} to (u2t,u2t+1).
(1.2.3) Assume that f ′(u1w1) 
= 6 and f ′(u2t+1w2t+1) = 0.
Let f ′ := f2. We reassign labels for some vertices and edges as follows. Let f ′(u2t−1) := 5, f ′(u2t) := 3, f ′(u2t−1u2t) := 0,
f ′(u2tu2t+1) := 1, and f ′(u2t−1u2t+1) := 3. Next we assign a label in {2,4} − { f ′(u1w1)} to (u1,u2t+1) and a label in
{2,3,4} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2).
(1.2.4) Assume that f ′(u1w1) = 6 and f ′(u2t+1w2t+1) = 0.
Let f ′ := f2. We reassign labels for some vertices and edges similarly to (1.2.2) and (1.2.3). Namely, let f ′(u2) := 2,
f ′(u3) := 6, f ′(u1u2) := 5, f ′(u1u3) := 4, f ′(u3u4) := 3, f ′(u2t−1) := 5, f ′(u2t) := 3, f ′(u2t−1u2t) := 0, f ′(u2tu2t+1) := 1,
f ′(u2t−1u2t+1) := 3, and f ′(u1u2t+1) := 2.
(Case-2) Let f ′(u1) := 0 and f ′(u2t+1) := 1.
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(2.1) Assume that t is even; t = 2t0.
(2.1.1) Assume that f ′(u1w1) 
= 2 and f ′(u2t+1w2t+1) /∈ {3,4}.
Let f ′(u2) := 2, f ′(u3) := 6, f ′(u4) := 5, f ′(u5) := 1, f ′(u2u3) := 0, f ′(u1u3) := 2, f ′(u3u4) := 1, f ′(u4u5) := 3, and
f ′(u3u5) := 4. For i = 2,3, . . . , t0, let f ′(u4i−2) := 4, f ′(u4i−1) := 0, f ′(u4i) := 2, f ′(u4i+1) := 1, f ′(u4i−3u4i−2) := 6,
f ′(u4i−2u4i−1) := 2, f ′(u4i−3u4i−1) := 5, f ′(u4i−1u4i) := 6, f ′(u4iu4i+1) := 4, and f ′(u4i−1u4i+1) := 3. Denote this label-
ing f ′ by f3 (see Fig. 7).
Consider the case where t = 2. We assign a label {3,5,6} − { f ′(u1w1), f ′(u5w5)} to (u1,u5) and a label in {4,5,6} −
{ f ′(u1w1), f ′(u1u5)} to (u1,u2). Reassign a label in {3,5,6} − { f ′(u5w5), f ′(u1u5)} to (u4,u5). Then if f ′(u4u5) ∈ {5,6},
then reassign a label for u4 as f ′(u4) := 3.
Consider the case where t  4. Assign a label {4,5,6} − { f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in
{4,5,6} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {4,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1).
Then if f ′(u2tu2t+1) = 6, then reassign a label for (u2t−1,u2t) as f ′(u2t−1u2t) := 4.
(2.1.2) Assume that f ′(u1w1) = 2 and f ′(u2t+1w2t+1) /∈ {3,4}.
Let f ′ := f3. We reassign a label for (u1,u3) to 3.
Consider the case where t = 2. Assign a label in {5,6} − { f ′(u5w5)} to (u1,u5) and a label in {4,5,6} − { f ′(u1u5)} to
(u1,u2). Reassign a label in {3,5,6} − { f ′(u5w5), f ′(u1u5)} to (u4,u5). Then if f ′(u4u5) ∈ {5,6}, then let f ′(u4) := 3.
Consider the case where t  4. Assign a label in {4,5,6} − { f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {4,5,6} −
{ f ′(u1u2t+1)} to (u1,u2). Reassign a label in {4,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1). Then, if
f ′(u2tu2t+1) = 6, then let f ′(u2t−1u2t) := 4.
(2.1.3) Assume that f ′(u1w1) 
= 2 and f ′(u2t+1w2t+1) = 3.
If t = 2, then we can obtain a feasible labeling similarly to (2.1.1). Consider the case where t  4. Let f ′ := f3. Re-
assign a label for (u2t−1,u2t+1) as f ′(u2t−1u2t+1) := 6. Next we assign a label in {4,5} − { f ′(u1w1)} to (u1,u2t+1) and
a label in {4,5,6} − { f ′(u1u2t+1), f ′(u1w1)} to (u1,u2). Reassign a label in {4,5} − { f ′(u1u2t+1)} to (u2t,u2t+1). Then if
f ′(u2tu2t+1) = 4, then let f ′(u2t) := 6 and f ′(u2t−1u2t) := 3, and if f ′(u2tu2t+1) = 5, then let f ′(u2t−1u2t) := 4.
(2.1.4) Assume that f ′(u1w1) 
= 2 and f ′(u2t+1w2t+1) = 4.
If t  4, then we can obtain a feasible labeling similarly to (2.1.1). Consider the case where t = 2. Let f ′ := f3. We
reassign labels for (u3,u5) and u4 as f ′(u3u5) := 3 and f ′(u4) := 3. Next we assign a label in {5,6}−{ f ′(u1w1)} to (u1,u5)
and a label in {4,5,6} − { f ′(u1u5), f ′(u1w1)} to (u1,u2). Reassign a label in {5,6} − { f ′(u1u5)} to (u4,u5).
(2.1.5) Assume that f ′(u1w1) = 2 and f ′(u2t+1w2t+1) = 3.
If t = 2, then we can obtain a feasible labeling similarly to (2.1.2). Consider the case where t  4. Let f ′ := f3. We reassign
labels for some vertices and edges similarly to (2.1.2) and (2.1.3). Namely, let f ′(u1u2) := 4, f ′(u1u3) := 3, f ′(u2t) := 6,
f ′(u2t−1u2t) := 3, f ′(u2tu2t+1) := 4, f ′(u2t−1u2t+1) := 6, and f ′(u1u2t+1) := 5.
(2.1.6) Assume that f ′(u1w1) = 2 and f ′(u2t+1w2t+1) = 4.
If t  4, then we can obtain a feasible labeling similarly to (2.1.2). If t = 2, let f ′(u2) := 2, f ′(u3) := 6, f ′(u4) := 3,
f ′(u1u2) := 5, f ′(u2u3) := 0, f ′(u1u3) := 4, f ′(u3u4) := 1, f ′(u4u5) := 5, f ′(u3u5) = 3, and f ′(u1u5) := 6.
(2.2) Assume that t is odd; t = 2t0 + 1 (t0  1).
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(2.2.1) Assume that f ′(u1w1) 
= 2 and f ′(u2t+1w2t+1) 
= 5.
Let f ′(u2) := 2, f ′(u3) := 6, f ′(u4) := 4, f ′(u5) := 0, f ′(u6) := 6, f ′(u7) := 1, f ′(u2u3) := 0, f ′(u1u3) := 2, f ′(u3u4) := 1,
f ′(u4u5) := 6, f ′(u3u5) := 4, f ′(u5u6) := 2, f ′(u6u7) := 3, and f ′(u5u7) := 5. For i = 2,3, . . . , t0, let f ′(u4i) := 6,
f ′(u4i+1) := 0, f ′(u4i+2) := 6, f ′(u4i+3) := 1, f ′(u4i−1u4i) := 4, f ′(u4iu4i+1) := 3, f ′(u4i−1u4i+1) := 6, f ′(u4i+1u4i+2) := 2,
f ′(u4i+2u4i+3) := 3, and f ′(u4i+1u4i+3) := 5. Denote this labeling f ′ by f4 (see Fig. 8). We next assign a label {3,4,6} −
{ f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {4,5,6} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in
{3,4,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u2tu2t+1) = 6, then let f ′(u2t) := 4.
(2.2.2) Assume that f ′(u1w1) = 2 and f ′(u2t+1w2t+1) 
= 5.
Let f ′ := f4. We reassign labels for some vertices and edges as follows. Let f ′(u1u2) := 5 and f ′(u1u3) := 3. Next we
assign a label in {4,6} − { f ′(u2t+1w2t+1)} to (u1,u2t+1). Reassign a label in {3,4,6} − { f ′(u1u2t+1), f ′(u2t+1w2t+1)} to
(u2t,u2t+1). Then if f ′(u2tu2t+1) = 6, then let f ′(u2t) := 4.
(2.2.3) Assume that f ′(u1w1) 
= 2 and f ′(u2t+1w2t+1) = 5.
Let f ′ := f4.
First consider the case where t = 3. Let f ′(u6) := 2, f ′(u5u6) := 5, and f ′(u5u7) := 3. Next we assign a label in {4,6} −
{ f ′(u1w1)} to (u1,u7) and a label in {4,5,6} − { f ′(u1w1), f ′(u1u7)} to (u1,u2). Reassign a label in {4,6} − { f ′(u1u7)} to
(u6,u7).
Next consider the case where t  5. Let f ′(u2t−1u2t+1) := 4. Next we assign a label in {3,6} − { f ′(u1w1)} to (u1,u2t+1)
and a label in {4,5,6} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {3,6} − { f ′(u1u2t+1)} to (u2t,u2t+1). Then
if f ′(u2tu2t+1) = 6, then f ′(u2t) := 4.
(2.2.4) Assume that f ′(u1w1) = 2 and f ′(u2t+1w2t+1) = 5.
Let f ′ := f4. We reassign labels for some vertices and edges similarly to (2.2.2) and (2.2.3). Namely, if t = 3, let
f ′(u1u2) := 5, f ′(u1u3) := 3, f ′(u6) := 2, f ′(u5u6) := 5, f ′(u6u7) := 6, f ′(u5u7) := 3, and f ′(u1u7) := 4. If t  5, then
let f ′(u1u2) := 5, f ′(u1u3) := 3, f ′(u2t−1u2t+1) := 4, and f ′(u1u2t+1) := 6.
(Case-3) Let f ′(u1) := 1 and f ′(u2t+1) := 2.
(3.1) Assume that t is even; t = 2t0.
(3.1.1) Assume that f ′(u1w1) 
= 3 and f ′(u2t+1w2t+1) 
= 0.
Let f ′(u2) := 0, f ′(u3) := 5, f ′(u4) := 3, f ′(u5) := 2, f ′(u2u3) := 2, f ′(u1u3) := 3, f ′(u3u4) := 1, f ′(u4u5) := 6, and
f ′(u3u5) := 0. For i = 2,3, . . . , t0, let f ′(u4i−2) := 0, f ′(u4i−1) := 6, f ′(u4i) := 0, f ′(u4i+1) := 2, f ′(u4i−3u4i−2) := 5,
f ′(u4i−2u4i−1) := 3, f ′(u4i−3u4i−1) := 4, f ′(u4i−1u4i) := 2, f ′(u4iu4i+1) := 6, and f ′(u4i−1u4i+1) := 0. Denote this label-
ing f ′ by f5 (see Fig. 9). Assign a label {4,5,6} − { f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {4,5,6} −
{ f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {4,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1). Then if
f ′(u4u5) = 4, then let f ′(u4) := 6.
(3.1.2) Assume that f ′(u1w1) = 3 and f ′(u2t+1w2t+1) 
= 0.
Let f ′ := f5. We reassign labels for some vertices and edges as follows. Let f ′(u3) := 6, f ′(u2u3) := 3, and f ′(u1u3) := 4.
Assign a label in {5,6} − { f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {5,6} − { f ′(u1u2t+1)} to (u1,u2). Reassign a label in
{4,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u4u5) = 4, then let f ′(u4) := 0 and f ′(u3u4) := 2.
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Fig. 10. A labeling f6 on C.
(3.1.3) Assume that f ′(u1w1) 
= 3 and f ′(u2t+1w2t+1) = 0.
Let f ′ := f5.
Consider the case where t = 2. Let f ′(u3u5) := 4 and f ′(u3) := 6. Next we assign a label in {5,6}−{ f ′(u1w1)} to (u1,u5)
and a label in {4,5,6} − { f ′(u1u5), f ′(u1w1)} to (u1,u2). Reassign a label in {5,6} − { f ′(u1u5)} to (u4,u5).
Consider the case where t  4. Let f ′(u2t−1u2t+1) := 5, f ′(u2t−2) := 1, and f ′(u2t−1) := 0. Next we assign a label in
{4,6} − { f ′(u1w1)} to (u1,u2t+1) and a label in {4,5,6} − { f ′(u1u2t+1), f ′(u1w1)} to (u1,u2). Reassign a label in {4,6} −
{ f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u2tu2t+1) = 4, then let f ′(u2t) := 6, and if f ′(u2tu2t+1) = 6, then let f ′(u2t) := 4.
(3.1.4) Assume that f ′(u1w1) = 3 and f ′(u2t+1w2t+1) = 0.
If t = 2, let f ′(u2) := 2, f ′(u3) := 0, f ′(u4) := 6, f ′(u1u2) := 6, f ′(u2u3) := 5, f ′(u1u3) := 4, f ′(u3u4) := 2, f ′(u4u5) := 4,
f ′(u3u5) = 6, and f ′(u1u5) := 5.
Consider the case where t  4. Let f ′ := f5. We reassign labels for some vertices and edges similarly to (3.1.2) and (3.1.3).
Namely, let f ′(u1u2) := 5, f ′(u3) := 6, f ′(u1u3) := 4, f ′(u2t−2) := 1, f ′(u2t−1) := 0, f ′(u2t) := 6, f ′(u2tu2t+1) := 4,
f ′(u2t−1u2t+1) := 5, and f ′(u1u2t+1) := 6.
(3.2) Assume that t is odd; t = 2t0 + 1 (t0  1).
(3.2.1) Assume that f ′(u1w1) 
= 3 and f ′(u2t+1w2t+1) 
= 0.
Let f ′(u2) := 0, f ′(u3) := 5, f ′(u4) := 2, f ′(u5) := 6, f ′(u6) := 0, f ′(u7) := 2, f ′(u2u3) := 2, f ′(u1u3) := 3, f ′(u3u4) := 0,
f ′(u4u5) := 4, f ′(u3u5) := 1, f ′(u5u6) := 2, f ′(u6u7) := 6, and f ′(u5u7) := 0. For i = 2,3, . . . , t0, let f ′(u4i) := 0,
f ′(u4i+1) := 6, f ′(u4i+2) := 0, f ′(u4i+3) := 2, f ′(u4i−1u4i) := 5, f ′(u4iu4i+1) := 3, f ′(u4i−1u4i+1) := 4, f ′(u4i+1u4i+2) := 2,
f ′(u4i+2u4i+3) := 6, and f ′(u4i+1u4i+3) := 0. Denote this labeling f ′ by f6 (see Fig. 10). We next assign a label
{4,5,6}− { f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {4,5,6}− { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a
label in {4,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1).
(3.2.2) Assume that f ′(u1w1) = 3 and f ′(u2t+1w2t+1) 
= 0.
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Let f ′ := f6. We reassign labels for some vertices and edges as follows. Let f ′(u1u3) := 6 and f ′(u3) := 4. Next we
assign a label in {4,5} − { f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {4,5} − { f ′(u1u2t+1)} to (u1,u2). Reassign a label in
{4,5,6} − { f ′(u1u2t+1), f ′(u2t+1w2t+1)} to (u2t,u2t+1).
(3.2.3) Assume that f ′(u1w1) 
= 3 and f ′(u2t+1w2t+1) = 0.
Let f ′ := f6.
First consider the case where t = 3. Let f ′(u4) := 4, f ′(u4u5) := 2, f ′(u5u6) := 3, and f ′(u5u7) := 4. Next we assign
a label in {5,6} − { f ′(u1w1)} to (u1,u7) and a label in {4,5,6} − { f ′(u1w1), f ′(u1u7)} to (u1,u2). Reassign a label in
{5,6} − { f ′(u1u7)} to (u6,u7).
Next consider the case where t  5. Let f ′(u2t−2) := 6, f ′(u2t−1) := 0, f ′(u2t−3u2t−2) := 4, f ′(u2t−3u2t−1) := 5,
and f ′(u2t−1u2t+1) := 6. Next we assign a label in {4,5} − { f ′(u1w1)} to (u1,u2t+1) and a label in {4,5,6} −
{ f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {4,5} − { f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u2tu2t+1) = 4
(resp., 5), then let f ′(u2t) := 6 (resp., 1) and f ′(u2t−1u2t) := 2 (resp., 4).
(3.2.4) Assume that f ′(u1w1) = 3 and f ′(u2t+1w2t+1) = 0.
Let f ′ := f6. We reassign labels for some vertices and edges similarly to (3.2.2) and (3.2.3). Namely, if t = 3,
let f ′(u1u2) := 4, f ′(u1u3) := 6, f ′(u3) := 4, f ′(u4) := 5, f ′(u3u4) := 1, f ′(u4u5) := 2, f ′(u3u5) := 0, f ′(u5u6) := 3,
f ′(u6u7) := 6, f ′(u5u7) := 4, and f ′(u1u7) := 5. If t  5, then let f ′(u1u2) := 5, f ′(u1u3) := 6, f ′(u3) := 4, f ′(u2t−2) := 6,
f ′(u2t−1) := 0, f ′(u2t) := 1, f ′(u2t−3u2t−2) := 4, f ′(u2t−3u2t−1) := 5, f ′(u2t−1u2t) := 4, f ′(u2tu2t+1) := 5,
f ′(u2t−1u2t+1) := 6, and f ′(u1u2t+1) := 4.
(Case-4) Let f ′(u1) := 2 and f ′(u2t+1) := 3.
(4.1) Assume that t is even; t = 2t0.
(4.1.1) Assume that f ′(u1w1) 
= 4 and f ′(u2t+1w2t+1) 
= 1.
Let f ′(u2) := 1, f ′(u3) := 6, f ′(u4) := 4, f ′(u5) := 3, f ′(u2u3) := 3, f ′(u1u3) := 4, f ′(u3u4) := 2, f ′(u4u5) := 0, and
f ′(u3u5) := 1. For i = 2,3, . . . , t0, let f ′(u4i−2) := 2, f ′(u4i−1) := 4, f ′(u4i) := 5, f ′(u4i+1) := 3, f ′(u4i−3u4i−2) := 5,
f ′(u4i−2u4i−1) := 0, f ′(u4i−3u4i−1) := 6, f ′(u4i−1u4i) := 2, f ′(u4iu4i+1) := 0, and f ′(u4i−1u4i+1) := 1. Denote this label-
ing f ′ by f7 (see Fig. 11). Assign a label {0,5,6} − { f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {0,5,6} −
{ f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {0,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1). Then if
f ′(u1u2) = 0, then let f ′(u2) := 5, and if f ′(u2tu2t+1) ∈ {5,6}, then let f ′(u2t) := 0.
(4.1.2) Assume that f ′(u1w1) = 4 and f ′(u2t+1w2t+1) 
= 1.
Let f ′ := f7. We reassign a label for (u1,u3) as f ′(u1u3) := 0. Assign a label in {5,6} − { f ′(u2t+1w2t+1)} to (u1,u2t+1)
and a label in {5,6} − { f ′(u1u2t+1)} to (u1,u2). Reassign a label in {0,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t ,u2t+1).
Then if f ′(u2tu2t+1) ∈ {5,6}, then let f ′(u2t) := 0.
(4.1.3) Assume that f ′(u1w1) 
= 4 and f ′(u2t+1w2t+1) = 1.
Let f ′ := f7.
Consider the case where t = 2. Let f ′(u3u5) := 0 and f ′(u4) := 0. Next we assign a label in {5,6} − { f ′(u1w1)} to
(u1,u5) and a label in {0,5,6} − { f ′(u1u5), f ′(u1w1)} to (u1,u2). Reassign a label in {5,6} − { f ′(u1u5)} to (u4,u5). Then if
f ′(u1u2) = 0, then let f ′(u2) := 5.
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Consider the case where t  4. Let f ′(u2t−1u2t+1) := 5, f ′(u2t−2) := 1, f ′(u2t−1) := 0, f ′(u2t−2u2t−1) := 3, and
f ′(u2t) := 4. Next we assign a label in {0,6}− { f ′(u1w1)} to (u1,u2t+1) and a label in {0,5,6}− { f ′(u1u2t+1), f ′(u1w1)} to
(u1,u2). Reassign a label in {0,6} − { f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u1u2) = 0, then let f ′(u2) := 5.
(4.1.4) Assume that f ′(u1w1) = 4 and f ′(u2t+1w2t+1) = 1.
If t = 2, let f ′(u2) := 4, f ′(u3) := 0, f ′(u4) := 1, f ′(u1u2) := 6, f ′(u2u3) := 2, f ′(u1u3) := 5, f ′(u3u4) := 3, f ′(u4u5) := 5,
f ′(u3u5) = 6, and f ′(u1u5) := 0.
Consider the case where t  4. Let f ′ := f7. We reassign labels for some vertices and edges similarly to (4.1.2)
and (4.1.3). Namely, let f ′(u1u2) := 5, f ′(u1u3) := 0, f ′(u2t−2) := 1, f ′(u2t−1) := 0, f ′(u2t) := 4, f ′(u2t−2u2t−1) := 3,
f ′(u2t−1u2t+1) := 5, and f ′(u1u2t+1) := 6.
(4.2) Assume that t is odd; t = 2t0 + 1 (t0  1).
(4.2.1) Assume that f ′(u1w1) 
= 4 and f ′(u2t+1w2t+1) 
= 1.
Let f ′(u2) := 1, f ′(u3) := 0, f ′(u4) := 1, f ′(u5) := 6, f ′(u6) := 2, f ′(u7) := 3, f ′(u2u3) := 3, f ′(u1u3) := 4, f ′(u3u4) := 5,
f ′(u4u5) := 3, f ′(u3u5) := 2, f ′(u5u6) := 4, f ′(u6u7) := 0, and f ′(u5u7) := 1. For i = 2,3, . . . , t0, let f ′(u4i) := 2,
f ′(u4i+1) := 4, f ′(u4i+2) := 5, f ′(u4i+3) := 3, f ′(u4i−1u4i) := 5, f ′(u4iu4i+1) := 0, f ′(u4i−1u4i+1) := 6, f ′(u4i+1u4i+2) := 2,
f ′(u4i+2u4i+3) := 0, and f ′(u4i+1u4i+3) := 1. Denote this labeling f ′ by f8 (see Fig. 12). We next assign a label
{0,5,6} − { f ′(u1w1), f ′(u2t+1w2t+1)} to (u1,u2t+1) and a label in {0,5,6} − { f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reas-
sign a label in {0,5,6} − { f ′(u2t+1w2t+1), f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u1u2) = 0, then let f ′(u2) := 5, and if
f ′(u2tu2t+1) ∈ {5,6}, then let f ′(u2t) := 0.
(4.2.2) Assume that f ′(u1w1) = 4 and f ′(u2t+1w2t+1) 
= 1.
Let f ′ := f8. We reassign a label for (u1,u3) as f ′(u1u3) := 6. Next we assign a label in {0,5} − { f ′(u2t+1w2t+1)} to
(u1,u2t+1) and a label in {0,5} − { f ′(u1u2t+1)} to (u1,u2). Reassign a label in {0,5,6} − { f ′(u1u2t+1), f ′(u2t+1w2t+1)} to
(u2t,u2t+1). Then if f ′(u1u2) = 0, then let f ′(u2) := 5, and if f ′(u2tu2t+1) ∈ {5,6}, then let f ′(u2t) := 0.
(4.2.3) Assume that f ′(u1w1) 
= 4 and f ′(u2t+1w2t+1) = 1.
Let f ′ := f8.
First consider the case where t = 3. Let f ′(u5u7) := 0. Next we assign a label in {5,6} − { f ′(u1w1)} to (u1,u7) and a
label in {0,5,6} − { f ′(u1w1), f ′(u1u7)} to (u1,u2). Reassign a label in {5,6} − { f ′(u1u7)} to (u6,u7). Then if f ′(u1u2) = 0,
then let f ′(u2) := 5.
Next consider the case where t  5. Let f ′(u2t−2) := 0, f ′(u2t−1) := 1, f ′(u2t−2u2t−1) := 4, f ′(u2t−1u2t) := 3,
and f ′(u2t−1u2t+1) := 5. Next we assign a label in {0,6} − { f ′(u1w1)} to (u1,u2t+1) and a label in {0,5,6} −
{ f ′(u1w1), f ′(u1u2t+1)} to (u1,u2). Reassign a label in {0,6} − { f ′(u1u2t+1)} to (u2t,u2t+1). Then if f ′(u1u2) = 0, then
let f ′(u2) := 5, and if f ′(u2tu2t+1) = 6, then let f ′(u2t) := 0.
(4.2.4) Assume that f ′(u1w1) = 4 and f ′(u2t+1w2t+1) = 1.
Let f ′ := f8. We reassign labels for some vertices and edges similarly to (4.2.2) and (4.2.3). Namely, if t = 3, let
f ′(u1u2) := 0, f ′(u1u3) := 6, f ′(u2) := 5, f ′(u6u7) := 6, f ′(u5u7) := 0, and f ′(u1u7) := 5. If t  5, then let f ′(u1u2) := 5,
f ′(u1u3) := 6, f ′(u2t−2) := 0, f ′(u2t−1) := 1, f ′(u2t) := 0, f ′(u2t−2u2t−1) := 4, f ′(u2t−1u2t) := 3, f ′(u2tu2t+1) := 6,
f ′(u2t−1u2t+1) := 5, and f ′(u1u2t+1) := 0. 
206 T. Hasunuma et al. / Journal of Discrete Algorithms 14 (2012) 189–206We ﬁnally remark that according to the proof of Theorem 6, we can ﬁnd a (2,1)-total labeling f : V (G) ∪ E(G) → L6 in
O(|V (G)|2) time.
Corollary 7. For an outerplanar graph G = (V , E)with (G) = 4, a (2,1)-total labeling f : V ∪ E → L6 of G can be found in O(|V |2)
time.
Proof. According to the proof of Theorem 6, we can ﬁnd a required labeling by deleting 1-vertices, conﬁgurations (C1),
conﬁgurations (C2), or chains of 3-faces of Lemma 5 recursively until a trivial graph G ′ is obtained, and then extending a
feasible labeling of G ′ to construct a (2,1)-total labeling f : V ∪ E → L6 of G . More precisely, when we delete a conﬁgu-
ration (C1) (resp., (C2)) deﬁned as Theorem 4, then we delete the edge (u1,u2), according to Chen and Wang’s proof [4,
Theorem 13]. While the construction step can be done in linear time, the deletion step takes O(|V (G)|2) time since it takes
O(|V (G)|) time to ﬁnd such conﬁgurations or chains of 3-faces. 
5. Concluding remarks
In this paper, we have proved that Chen and Wang’s conjecture [4] is true, i.e., every outerplanar graph G satisﬁes
λT2 (G)  (G) + 2, by showing that the case where (G) ∈ {3,4} is also true. Furthermore, we have shown that such a
(2,1)-total labeling f : V (G)∪ E(G) → L(G)+2 can be found in linear time and O(|V (G)|2) time if (G) = 3 and (G) = 4,
respectively. Moreover, as its byproduct, we have derived a new structural property of outerplane graphs G with (G) = 4
(Lemma 5), which might enable to solve some related problems with outerplanar graphs. Unfortunately, our proofs are very
complicated, and hence it is future work to ﬁnd simpler ones. Another interesting issue is to characterize outerplanar graphs
G achieving λT2 (G), or bound the labeling numbers with a wider class of graphs, such as series-parallel graphs.
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